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Part | — Part-Whole Relations



General Extensional Mereology
(+ Unrestricted Fusion)

Closure Extensional Mereology =
Closure Minimal Mereology
(+ Closure Operations, unigueness condition)

A

Extensional Mereology
(+ Strong Supplementation,
Extensionality principle )

/

Minimal Mereology
(+ Weak Supplementation)

/

Ground Mereology
(Partial Order)




Conceptual Problems with Part-
whole relations

i Minimum Mereology: the problem
] with transitivity of part-whole
relations
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Conceptual Problems with Part-

whole relations

Extensional Mereology:

The extensional identity criterion:
iIndividuals are the same if
composed of the same parts;
iIndividuals change when they
change parts

Makes all parts essential to
Individuals



Conceptual Problems with Part-
whole relations

Classical Mereology:

— Allows for arbitrary sums of
iIndividuals constituting genuine
Individuals



Conceptual Problems with Part-

whole relations

This problem arise because
mereology fails to take into account

the role the parts play w.r.t. to a
whole

What makes something a integral
whole

And kinds of whole there exist



Part || — Secondary Properties of
Conceptual Parts



Part-whole relations

Primary characteristics

— non-reflexive, asymmetric,
transitive,

e Secondary characteristics

— shareable, essential, inseparable,
mandatory



Parts and Wholes

* One of the few secondary properties in UML
(and most other CM languages) is
shareabllity. But what does it mean?

Car |. Engine

1 1




Shareability

* Interpretation 1.
— (X <y Y) Zger (X <y) UBE (22 y) U(x < 2)

* Interpretation 2:
— (X <y Y) Tt X<Y) U" 2 (x<2)® (z<y) U
(y <2))



Shareability (Problems)

The first interpretation implies a
contradiction with the very definition of
parthood (when transitivity is considered)

e The second one Is too restrictive



Shareability

ResearchGroup

1.7

«rolex»
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Shareability

« What we really want to say is exclusiveness
with respect to wholes of a certain kind

— < (X,AY,B) = 4o; (x::A) U(y::B) U(x<y) U
(" z(z:B) x<2) ® (y =2))
ou ainda (general exclusive parthood)

A<.B =, Vx (x::A) > dly (y:B) A (x<Y)



Shareability

_________ (VFamilyMember,x) (3!Family,y) (x <vy)

«role»
FamilyMember

N/

«kind»
Person




Object Types




Distinctions Among Object Types

Type
Object Type
I A |
Sortal Type Mixin Type

{Person, Apple} {Insurable Item, Red}



Distinctions Among Object Types

: Type
: ﬂ'_.',’::i,r' 4
ObjectType
Sortal Type Mixin Type
£ {Insurable Item}
Rigid Sortal Type | [ Anti-Rigid Sortal Type
/\
{Student, Teenager}

Kind

{Person}



Distinctions Among Object Types

Type
i ObjectType
Sortal Type Mixin Type
JAN {Insurable Item}
Rigid Sortal Type | | Anti-Rigid Sortal Type
JAN JAN
Kind Phase Role

{Person} {Teenager, {Student,
Living Person} Employee}



Distinctions Among Object Types

[ | Type
ObjectType

Sortal Type Mixin Type

JAN N\
Rigid Sortal Type | | Anti-Rigid Sortal Type Anti-Rigid MixinType
/\ JAN /\
Kind Phase Role RoleMixin
{Person}  {Teenager, {Student, {Customer}

Living Person} Employee}



Part-Whole Relations
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Generic Dependence

An individual vy Is generic
dependent of a type T iff, whenever
y exists it is necessary that an
Instance of T exists. This can be
formally characterized by the
following formula schema :

GD(y,T) :def (dy)® $T’X dX))



Mandatory Parthood

An individual X is a mandatory part
of another individual vy iff, y Is
generically dependent of an type T
that x instantiates, and y has,
necessarily, as a part an instance of
T:

MP(T.Y) =er (&Y)® ($T.X)(X <))



John

John’s Heart

((" Person,x) (&X)® ($'Heart,y)(y < Xx)))



Existential Dependence

Let the predicate edenote
existence. We have that an
Individual x is existentially
dependent on another individual vy
(symbolized as ed(x,y)) Iff, as a
matter of necessity, y must exist
whenever x exists, or formally

ed(X.y) = ger (&X)® &y))



Essential Parthood

An individual X is an essential part
of another individual vy iff, y Is
existentially dependent on x and X
IS, necessatrily, a part of v:

EP(X,y) = ger €d(y,X) U (X £)

!

EP(X)Y) =4t (EY)® (X £Y))



John

John’s Brain

((" Person,x)( $!Brainy) (&X)® (y <X)))



John

John’s Heart

((" Person,x) (&X)® ($'Heart,y)(y < Xx)))



Inseparable Parthood

An individual X is an inseparable
part of another individual vy iff, X is
existentially dependenton vy, and x
IS, necessatrily, a part of v:

IP(Xy) =4t (EX)® (X £Y))



Mandatory Wholes

An individual vy is a mandatory
whole for another individual  x iff, x
IS generically dependenton atype T
that y instantiates, and X is,
necessarily, part of an individual
Instantiating T:

MW(T.X) =g4e;  (EX)@ ($T.y)(X <))



Essentiality and Inseparability

e Essentiality does not imply

iInseparability:

— Think about a Collected Works
publication of some authors. It
Is defined by that specific
extensional collection of papers,
but the papers could exist prior
to and outlive the collection



Essentiality and Inseparability

* |Inseparability does not imply Essentiality :

— A whole In this table is an
Inseparable part of it, but not an
essential part of the table



C((WPerson x) O(e(x) —((3!Heart,y)(y < x))})

akindePerson e

$ :

part'Of {essential = true}

gkind=Heart

C((¥Person x){3!Brain,y) C(e(x) —={y < x)))

akind=Brain




Parts of Anti-Rigid Object Types

“every boxer must have a hand”
“every biker must have a leg”



a kind =
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O((vBoxer,x)(IHand,y) ole(x) =y < I}})‘

akindsHan«l




De Re/De Dicto Modalities

() The queen of the Netherlands is
necessarily queen ;

e (i) The number of planets in the
solar system is necessarily even



Sentence (1)

The queen of the Netherlands is
A7 necessarily queen

" X QueenOfTheNetherlands(x) ® (Queen(x)) < x DE RE

(" x QueenOfTheNetherlands(x) ® Queen(X)) « DE DICTO



Sentence (i)

The number of planets in the solar
7 system is necessarily even

" X NumberOfPlanets(x) ® (Even(x))) « DE RE

(" X NumberOfPlanets(x) ® Even(x))) * DE DICTO



The Boxer Example

“every boxer must have a hand”

“If someone is a boxer than he has at least a < x DE RE
hand in every possible circumstance”

“In any circumstance, whoever is boxer has at < DE DICTO
least one hand”

((" Boxer,x)( $Hand,)y) (&X)® (y <Xx)))
((" Boxer,x) (&x)® $Hand,y (y <x)))

(" Boxer,x)( $Hand,y) (&x) UBoxer(x) & (y < X)))



The Boxer Example

“every boxer must have a hand”

“If someone is a boxer than he has at least a % DE RE
hand in every possible circumstance”

“In any circumstance, whoever is boxer has at <— DE DICTO
least one hand”

((* Boxer,x)( $Han (&) ® (y <X)))

((" Boxer,x) (dﬁfﬂ?l—lamd,y (y <x)))

(" Boxer,x)( $Hand,y) (&x) UBoxer(x) & (y < X)))



Further Distinctions among Part-Whole
relations

— (i) specific dependence with de re
modality ( essential parts );

— (i) generic dependence with de re
modality ( mandatory parts );

— (i) specific dependence with  de dicto
modality ( immutable parts ).

— ONLY RIGID TYPES CAN HAVE
TRULY ESSENTIAL PARTS!



skinds
Person

A

arolesBoxer
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skinds Hamnd

Anti-Rigid Types and Immutable

Parts

((YBoxer.x){3Hand.y) Ole(x)  Boxer(x)=(y < x}))




Lifetime Dependency (Essential

Parts)
Tim=
L P Lifespan of an esssntial part
=)
> @
'S b & Fassibilties for
the lifespan of the whole

I::} = gtart of ifetime . = and of lifatimes



The De Dicto equivalent of De Re
formulae

(" Person,x)( $!Brain,y) (&x) UPerson(x) @ (y < x)))

((" Person,x) (&x) UPerson(x) ® ($!Heart,y)(y < X)))



General Schemata for Immutable
Parts

O((VAxX) O(e(x) A Alx) —=((3C.y)y < x)}))

__________ OV Ax) (3B.y) Oe(x) a Alx) =(y < x)))




Extensional Individuals

With the definition of essential parthood
we can define those individuals
A7 prescribed by extensional mereology

E(Y) = 4o D(Vx (x <y) = EP(xyy))



Part |Il — Differentiating among distinct
types of Wholes



Universal

{disjoint} Z‘k

Monadic Universal Relation

{disjoint} %

Substantial Universal Moment Universal
ol ", P {disjoint, complete}
SortalUniversal MixinUniversal
{disjoint, complete} {disjoint, complete}
AntiRigidSortal RigidMixin NonRigidMixin
RigidSortal A A A

A {disjoint, complete}

{disjoint, complete}

{disjoint, complete}
AntiRigidMixin SemiRigidMixin

Substance Sortal SubKind Phase Role Category RoleMixin Mixin

AN

{disjoint, complete}

Kind Quantity Collective




Quantities

* The relata of this relation always belong to
the category of amounts of matter (masses,
guantities).

 Quantities (such as water, sand, sugar,

martini, wine, etc.) lack both individuation
and counting principles

« As a consequence, in order to represent
guantities in a conceptual model, they must
be nominalized



1.7

| Wine |0— WineTank

-
{essential=true}




Fractal

0..1 {homeomerous}




Quantities

e An alternative is couple the identity of mass
nouns to the identity of the material objects
with which they have a constitution relation

constitution
Wine 1)| WineTank




Quantities

e A problem with this second solution is that
the quantity becomes an inseparable
constituent of the object it constitutes

A sentence such as x isthe same Kasy
should be understood as “ X is the same K
as vy iff x is some K, y is some K, and (x =
y)”

e Butin this case, you can'’t state that  “the

sugar that was in that cube is the same
sugar as the one in this cup”.



Quantities

A third nominalization option is to use
guantity as “maximally-connected portion
of quantity”.

 In this case, not only all problems of infinite
divisibility, infinite cardinality constraints
disappear but the relation between quantity
and container becomes one of generic
dependence

* Notice that quantity in this sense is not
homeomerous anymore



wquantity»
Alcohol

ey
.r.H"-.’:i'FI 1

{ess¢ntial=true}

Quantities

wconstitution»

1.7

«quantity»
1 Wine

gcontainments»

«kind»
Vintage

JAN

«phase»

WineStoredinTank

«category»
Container

JAN

akind»
WineTank




Collections

e Collections are not homeomerous and not
Infinitely divisible (e.q., tree-forest, card-
deck, brick-pile, lion-pack)

e They have the characterizing feature that all
parts in a collection play the same role w.r.t.
the whole they compose



Collections

9 = responsible for

*

|Graup of People |<}-‘

{essential=true}

Guide




Collections

Again, in this case we can take Collection to
mean a maximally-self-connected
Collection .

« However, in this case, the unifying criteria
cannot be one of topological connection

» Finding this unifying criteria is quite
Important anyway: like mereological sums,
arbitrary collections make no cognitive
sense



Group of People

Collections

responsible for

e

Guide




Collections

e Collections can be composed of sub-
collections grouped by different unifying
relations

« Differently from quantities, collections are
not necessarily extensional individuals



Collections

e wcollective» responsible for e Guid
L Group of Visitors e
? 3 |
«collective» wcollective»

EnglishSpeakingSegment| |DutchSpeakingSegment

«roley «rolex
EnglishSpeakingMember DutchSpeakingMember v

«kind»
Person




Different Stereotypes for Different
sorts of Parthood

7 Subquantity-Quantity (  ©——
Subcollection-Collection( <©——
Member-Collection ( <p——

Component-Functional Complex



Quantities

* The subquantity relation implies:
— Non-Shareability of wholes
— All parts are essential

— Cardinality constraints of both
association ends must be exactly one

— Only holds between quantities

— Always transitive, i.e., for all a,b,c, If
Q(a,b) and Q(b,c) then Q(a,c)



SubQuantities

«category» containment gguantity:» «quantity» wguantity »
Container |1 1 A 1 1 B 1 1 C

{essential=true} {essential=true}



Member-Collection

 Linguistic analysis distinguish between
atomic entities (that can be singular or
collectives) and plural entities

* Any collective atomic entity is constituted
by some plural entity (e.g., a group of men,
the herd) is constituted of some plural
entity (e.g., {John, Paul, George, Ringo}, or
the cows)



Collections

 Member-Collection relations are always
between a singular and a plural entity. In
other words, the parts are always atoms of
a given context .

e For this reason, member-collection
relations are never transitive




Member-Collection

Vb «collective» «kind»
InternationalBody Person
. 7N
1 =
«collective» «role»
Club 31“* 1 * ClubMember




Subcollection-Collection

» Defined between two plural entities

« Always defined via a refinement of the
unifying relation (e.g., the English Speaking
Group in the exibition, the North Part of The
Black Forest )



Subcollection-Collection

 Subcollection-Collection relations have the
following characteristics:

— only holds between collectives;

— the cardinality constraints in the association
end relative to the part is one and exactly
one;

— It IS transitive, I.e., for all a,b,c, if C(a,b) and
C(b,c) then C(a,c).



Subcollection-Collection

«role»
D

«collectives

«collective» <> «collectivex
1 C

A 1.* 1 B
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.1"1-







«kind» «kind» akind»
Person ‘ Brain > Cerebellum

-
A
A I
|

{essential=true,
Inseparable=true}

{essential=true,
iInseparable=true}

«rolex
‘_ __________ J
Student
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Reinforcing an Isomorphism

J—U]

Ontology UML 2.0
(UFO) Metamodel
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Iname: Siring[0..1]

FAY.AY
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AT A

NamedElerment
Iname: Siring[0..1]

FAY.AY

1.* 0.1

1 MultiplicityElenent
Relationzhip Type |T)'Fﬂﬂ'fl'm'| Feature | wper Unlimited Natural [0..1]
fendTypa loweer:imeger [0.1]
I pr—— |  stucwraiFeature
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I Froperty aggregation | g naregationiind
wed Boolean = false ===
eadOnly Bealean = talae 3 arad
wComposite Boolean arpasile
2"
Ii.':lllulln.utn'l‘]pellllm'hul
0.1 memberEnd | e
faubsets
menmiserEnd)




gl NamedElement

/general

GeneralizationSet

Classifier

isAbstract:Boolean = false

general

>

1“*

/source

specific

1

IrelatedElement

Element <
1.x

target

Relationship

i DirectedRelationship

generalization

Generalization

isCovering:Boolean = false
isDisjoint:Boolean = true

Object Class

>I

{disjoint, complete}

Sortal Class

{disjoint, complete}

{disjoint, complete}

| Rigid Sortal Class

|Anti Rigid Sortal Class |

| Rigid Mixin Class | | Non Rigid Mixin Class |

{disjoint, complete}

JAN

2\

{disjoint, complete}

{disjoint, complete}

| Anti Rigid Mixin Class | | Semi Rigid Mixin |
/\

Substance Sortal || SubKind | |

Phase

| | Role

| Category | | RoleMixin |

{disjoint, complete}

Collective

Kind | | Quantity

isExtensional:Boolean




. Element MultiplicityElement
' fupper: UnlimitedNatural [0..1]

llowerinteger [0..1]

T

Relationship StructuralFeatine
Propert
associationEnd .

isDenved:Boolean = false

Directed Relationship Association isFleadOnly: Boolean = false
FaX 0.1 2.0 IznuTj.rpe.T;.-p&[ﬂ..l]

Directed Binary Relationship

[lh I 0.1

Meronymic

isShareable:Boolean
isEssential:Boolean

isinseparable:Boolean
[

subQuantityCf
Shareable = false {readOnly} subCollectionOf membarof Com ponentor
Eszential = true {readOnly}




Meronymic

Abstract metaclass representing the general properties of all
meronymic relations. Meronymic has no concrete syntax. Thus,
symbolic representations are defined by each of its concrete
subclasses.

Non-reflexivity, Anti-Symmetry, Non-Transitivity and Weak Supplementation.




1. Weak Supplementation; Let U be a universal whose instances are wholes and gt
{C,...C,} be a set of universals related to U via aggregation relations. Let lower;, be the
value of the minimum cardinality constraint of the association end connected to C, in the
aggregation relation. Then, we have that

() lowerg)>2;
i=l

2. Essantial Pathood: The isEssential attribute reprasents whether the meronymic relation is
one of essential parthood, ie., whether the part is essential to the whole. In case the
classifier connected to the association end representing the whole is an anti-rigid classifier,
then the meta-atiribute isEssenfal must be false, whereas the meta-attribute isimmutable
may ba frue. However, if isEssential is true (in case of a rigid classifier with essential parts)
then islmmuiable must also be frue. The concrete representation of this meta-property is via
the fagged value {essential} decorating the association;

3. |nsaparable Padhood: The islnseparable attribute represents whether the meronymic
relation is one of inseparable parthood, i.e., whether the whole is essential to the part. The
concrete representation of this meta-property is wia the tagged value {inseparable}
decorating e association;

4, Shareable Parthood: The isShareable attribute represents whether the meronymic relation
is {locally) shareable, i.e., whether the part can be related to more than a whole of that kind.
The concrate representation of this meta-property is via the color property of the symbol
used to depict this relation (a diamond with or without a decorating letter): if (isShareable =
true) then the symbol is shown in white color, otherwise, it is shown in black.



componentdf is a parthood relation between two complexes.
Examples include: {2) my hand is part of my arm; (b) & car
engine is part of a car; {c} an Arithmetic and Logic Unit {ALU) is
part of a Central Process Unit (CPU); {d) a heart is part of a
circulatory system. Since this is by far the most used in
concepual modeling, we propose the use of the standard UML
symbolic  representation for  aggregation/composition 10
represent  this  relation, e, we use the symbals
o——— gl W——— epresent the
chareable  and  non-shareable  componentdf  relations,
raspectively.

Mon-reflexivity, Anti-Symmetry, Non-Transitivity and Weak Supplementation.

1. The classes connected to both association ends of this relation must represent
universals whose instances are funchonal complexas. A universal X is a universal whose
instances are functional complexes if it satisfies the following conditions: (i) If X is a
sortal universal, then it must be either stereolyped as <kind- or be a subiype of a class
steraofyped as «kind-; (ii} Otherwise, if X is a mixin universal, then for all classes Y
such that ¥ is a subfype of X, we have that Y cannot be either siereotyped as -quantity-
of =collective-, and ¥ cannot be a subfype of class stereotyped as either «quantity or
«gollectives-.




subCuantity subQuantityOf is a panhood relation between two quantities,
Examples include: (a) alcohol is part of Wine; (b) Plasma is part
of Blocd; {c} Sugar is part of lee Cream; {d) Milk is part of
Cappucino. We propose the icon O represant
thiz relation

Mon-reflexivity, Anti-Symmetry, Transifivity and Strong Supplementation | Exfensional
Mereology).

1. This relation is always non-shareable {isShareable = false);

2. All entities stereotyped as -guanfity- are estensional individuals and, thus, all
parthoed relations imvalving quantities are essential parthood relations;

3. The maximum cardinality consfraint in the association end connected to the part must
be one (self fanget.upper = 1).

4. The classes connectad o both association ends of this relation must represent
universals whose instances are guanfiies. A universal X is a universal whose instances
are quantities if it safisfies the following conditions: (i) if X is & sortal universal, then it
must be either stereotyped as -quantity- or be a sublype of a class stereotyped as
=quantity=; (ii) Otherwise, if X is a mixin universal, then for all classes ¥ such that ¥ is a
sublype of X, we have that ¥ cannot be either stersofyped as =kind- or =collective=, and
¥ cannat be a sublype of class stereotyped as either «kind= of -collectives.




subCollectionOf subCollectionOf is a parthood relation between two collectives.
Examnples include: (a) the north part of the Black Forest is part of
the Black Forest; (by The collection of Jokers in & deck of cards
i3 part of that deck of cards; (c) the collection of forks in cutlery
2t is part of that cutlery =et; (d) the collection of male
individuals in a crowd is part of that crowd. We use the symbals
S g O o represent the

shareable  and  non-shareable  subCollectionDi  relations,

msimﬁmli.

Mon-reflexivity, Anti-Symmefry, Transitivity and Weak Supplementation  (Minimum
Mereology).

1. The classes connacted to both association ends of this relaion must represent
universals whose instances are collectives. A universal X is a universal whosg instances
are collectives if it safisfies the following conditions: (i) If X is a sorfal universal, then it
must be either stersolyped as -collective= or be a sublype of a class slereotyped as
=collective=; (i) Otherwise, if X is a mixin universal, then for all classes Y such that ¥ is a
sublype of X, we have that ¥ cannot be either stereotyped as «<kind- or «quantity, and
cannof be a subfype of class stereotyped as either «kinds or «quantitys.

2. The maximum cardinality constraint in the association end connected to the part must
be one {self farget.upper = 1).







